Gravitational waves during inflation in presence of a decaying cosmological parameter 

from a 5D vacuum theory of gravity 
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We study gravitational waves generated during the inflationary epoch in presence of a decaying 
cosmological parameter on a 5D geometrical background which is Riemann flat. Two examples are 
considered, one with a constant cosmological parameter and the second with a decreasing one. 
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^ ■ I. INTRODUCTION 

O il Gravitational waves has been subject of attention since long time ago pj. Under the standard model of cosmology 
plus the theory of inflation, it is very natural to predict the existence of the background of gravitational waves [2J. 
Among the primordial perturbations generated during inflation, there were basically normal scalar part and tensor 
part. The primordial scalar perturbations provided the seeds of large scale structure which then had gradually 
formed today's galaxies, which is being tested in current observations of cosmic microwave background (CMB). The 
, tensor perturbations have escaped out of the horizon during inflation, and thus can be completely conserved to form 
^ ■ the relic of background gravitational waves, which carries the information of the very early universe. In this sense 
| the tensor perturbations are very significant for studies of very early universe. Their amplitude is related to the 
energy scale of inflation and they are potentially detectable via observations of i?-mode polarization in the cosmic 
microwave background if the energy scale of inflation is larger than ~ 3 x 10 15 GcV ELSIES]- such a detection 
would be very important to test inflation. The direct detection of GW is one of the most exciting scientific goals 
because it would improve our understanding of laws governing the early universe and provide new means to observe 
it. The most sensitive detectors which are already operating, under construction or being planned, are based on 
optical interferometers 0]. In particular, gravitational wave perturbations will be measured in future by the Planck 
q-( satellite, which is designed to produce high-resolution temperature and polarization maps of CMB. If no primordial 
GW are detected by CMB, a direct-detection experiment to understand the simplest form of inflation must have a 
^Jy sensitivity improved by two to three orders of magnitude over current plans [|[ . The basal mechanism of generation of 
primordial gravitational waves in cosmology has been discussed in [9( ■ There are two main 4D formalisms developed 
in the literature; the coordinate based approach of Bardeen and the covariant formalism [111 ]. 

The idea that our universe is a 4D space-time embedded in a higher dimensional has been a topic of increased interest 
in several branches of physics, and in particular, in cosmology. This idea has generated a new kind of cosmological 
models that includes quintessential expansion. In particular, theories on which is considered only one extra dimension 
have become quite popular in the scientific community. Among these theories are counted the braneworld scenarios 
12], the Space-Time-Matter (STM) theory [l3[ and all noncompact Kaluza-Klein theories. 

In this work we shall study the evolution of gravitational waves on the early universe, which is governed by a 
(decaying) cosmological parameter A(t), from a 5D vacuum state defined on a 4 + 1 Riemann flat spacetime. A 
decaying cosmological parameter can be introduced in a geometrical manner through the 5D background line clement 

m 

dSl = ^ 2 ^dt 2 ~ip 2 e 2 S^ dt dr 2 -ditj\ (1) 

where dr 2 — 5ijdx l dxi , being {x 1 } — {x,y, z} the local cartesian coordinates. In addition t and ip are the time-like 
and fifth space-like local coordinates respectively. Adopting a natural unit system (h — c— 1), the fifth coordinate tp 
has spatial units whereas the cosmological parameter A(t) has units of (length)^ 2 . The background metric in JTJ) is 
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Riemann-flat, R A bcd — 0, describing perfectly a 5D geometric vacuum. 

The usual approach would consist to consider the tensor perturbed line element obtained from JT]) 

,A(t) 



dS 2 = ^^dt 2 - 4, 2 e 2 N^ d \5 l3 + O^ul. r-,l.r- - d^ 2 , 
3 



(2) 



being Qij (t, f, tp) the transverse traceless tensor denoting the tensor fluctuations with respect to the metric back- 
ground fl]), and thereby it satisfies tr(Qij) = Q l i ~ and Q z f = 0. The 3D spatial components of the metric 

(|2"|) can be written as gij = —ip 2 exp 2 J \J A / 3 dt (&y + Qij), so that its contravariant components can be linearly 



approximated by g 1 - 



-ip 2 exp 



-2 J yfk/ldt (8 ij - Q ij ). 



Under this approach the dynamics obeyed by the tensor fluctuations Qij, is obtained using the 5D linearized 
Einsteins equations in the 5D vacuum SRab = 0. However, as it is well-known solely the space-space components 
contribute for tensor fluctuations, so the former expression reduces simply to 



SRij = 0. 



Hence, after some algebra, one obtain the dynamics of the tensor fluctuations Qij is determined by 



Qi 



A 1 A 
2 A 



Qi 



A 



-2 / J~k/Zdtr72 



ViQij 



A 



tyQijrf + 4> 2 Q t j^^} = 0, 



(3) 



(4) 



where (, ) denotes the partial derivative while the dot is denoting ordinary derivation with respect the cosmic time t. 



II. THE 5D TENSOR MODES 



In this letter we shall consider a different approach, which, give us the dynamics ((3]), but from the the action 
I = — J d 4 x dtp ( 5 'L, given by the background gravitational Lagrangian, plus free tensorial fields, Qij (A, B run from 
to 4 and i, j from 1 to 3) 



(5) L = 



(5), 



(5) 



fJO 



(5)t? M 2 

16ttG 2 y ^;A^V' B 



(5) 



being (; ) the covariant derivative. Furthermore, ^TZ = is the 5D background Ricci scalar and ( 5 'g = 

ip 8 Ae 6 f V A / 3d */3 is the determinant of the background covariant metric tensor gAB- Following the usual quanti- 
zation process for Qij(t,r,ip) we demand that the next commutation relation must be satisfied 



dL -> 

Qij(t,r,ip), — {t,r',ip') 



dQ 



Im.t 



= %S\ ST g u M, t 



On the other hand, ^ go =^ g[i> — ipo^o = A(t = to)], being tpo and to some constants to be specified. In this 
work we are interested to study the dynamics of Qij . We express the functions Qij as a Fourier expansion of the form 



(2tt) 3 / 2 



(7) 



with a counting the number of polarization degrees of freedom, the asterisk (*) denoting complex conjugate and the 
creation ^ and annihilation a^"\, operators satisfying the algebra 



(a) (a') f 
a k r k^ a k' T k' 



^g aa '8^(k r -k' r )S^-^), 



(a) (a') 



a (a) f a (a ' ] f 
a k r k i ,^ a k' r k^ 



= 0. 



The polarization tensor obeys 



( a ) P . . — (°-) P .. ( a ) P . 

i>3 — 1 



0, k { C">ey = 0, ^ eij (-k r ) = {a) eUk r ). 



(8) 



(9) 
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Inserting iJTJl in ((4]) we obtain that the dynamics of the 5D tensor modes (k r m(t, *p) is given by 



A 1 A 
2 A 



A. 



-2 / JT/Sdt 



A 
3~ 



g | 2 ^ 2 

dip dtp 2 



Decomposing the tensor modes Civfe,/, m t° Kaluza-Klein modes 



equation JTD|) yields 



A 1 A 

3 ~ 2 A 



A 
3~ 



e - 2 / > /A/3«B fc a +m : 



A 



6, - o, 



'^+4^+m 2 e m = 0, 



(10) 

(11) 

(12) 
(13) 



where the parameter m 2 = (k^ip) 2 is related with the squared of the KK-mass measured by a class of observers in 
5D. Using the transformation f fcr (i) = exp[-(l/2) JiSyfA/S- (A/2A)) dt]xk r (t) and Q m (z) = e~ 3 / 2z L m (z), with 
z = \n(ip/ipo), in eqs. (|12p and (Tj"3"l) , respectively, we obtain 



Xfc r 
rf 2 £,n(2:) 

dz 2 



4 V A 

L ro (z) - 



4 A 16 A 2 



3 A 



Xk T = 0, 



(14) 
(15) 



This way, given a cosmological parameter A(t), the temporal evolution of the tensor modes £k r (t) in 5D is determined 
by solutions of (| 14|) . Once a solution for £fc r (i) is obtained, it should satisfy the algebra ([6]). This can be made 
guaranteeing that such a solution obey 



Xk r Xk r ~ Xk r Xk r 



\L m \ z = 1. 



(16) 



On the other hand, note that equation (Ti"3"]) is exactly the same as the one obtained in [l5[. Therefore about the 
behavior of the modes with respect the fifth coordinate we can say that for m > 3/2 the KK- modes are coherent on 
the ultraviolet sector (UV), described by the modes 



ki> 



\ 3 d 




/I- 


A " 


1 2k dt 


3 \ 




2A 



AULA 

4A V 3 2A 



3 > 0. 



(17) 



However, for m < 3/2 those modes are unstable and diverge at infinity. The modes with m = and m > 3/2 comply 
with the conditions (| 16[) . so that they are normalizable. 



III. EFFECTIVE 4D DYNAMICS 



To describe the 4D dynamics we can make a foliation on ip = ipg on the line clement (Q]) , such that the effective 4D 



background metric holds: dS 



ds 2 , where 



ds 2 = ^ 2 ^dt 2 - i> 2 e 2 t^ dt dr 2 . 



(18) 



In this section we shall study the dynamics of the 4D tensor-fluctuations hij(t, r) = Qij(t, r,ip — ip ), making emphasis 
on the long wavelength section, which describes this field on cosmological scales. The effective 4D action ^1 is (a, (3 
run from to 3) 



Wj = - d 4 x 



(4) 



,9i) 



16ttG 



M 2 . .. 



(19) 
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where ^TZ — Ylj^) 2 is the effective 4D Ricci scalar valuated on the metric (TT8|) . such that we obtain an equation of 
state which describes an effective 4D vacuum: p = —p, being p and p the pressure and the energy density, respectively. 
Hence, the metric ([T]) could be considered as an extension of the Ponce de Leon one[l6j], which, on a foliation if) = tpo, 
also describes an effective 4D vacuum dominated expansion. 

The effective 4D equation of motion for the 4D tensor-fluctuations is 



A A 
2A 



A 



"2/- 



A 
3~ 



4dQ) 



ip dip 



2 d 2 Q) 
dtp 2 



0. 



(20) 



i>=4>o 



Using the eq. lfl3|) . we obtain 



A A 
2A 



3 e V r' L 3 T 3 n 3 



(21) 



After make the transformation hj(t, r) — e 1 / 2 ^[ 3 ( 3 ) 2A ] dt xJ(i, r), we obtain 



A 



X) 



5 A 2 



1 /3^ 1A 

4 V A + 4 A ~ 16 A 2 " ' 4 V 3 A 



A A 



2 _ 3 
4 



A 



0. 



(22) 



(2tt) 3 / 2 

where we require that the modes Xk 



d 3 k r dk^ Yl {a)ei j\ a tl^ r ' r ^krk^)+^ (23) 



such that it is possible to make a Fourier expansion for %*• 
tj^ I d k r dk^ 

a=+,x 

Xk r k^ Q satisfy the commutation relation 



Using (|23j) this expression reads 



XKXk r ~ Xk r XK 



which is the condition for the modes to be normalizable on the UV-sector. Inserting 
dynamical equation for the /c r -modes 



(24) 
(25) 

in (f2"2"]) we obtain the 



Xkr 



A 



5 A 2 



1 /3_^ 1A 

4 V A + 4A 16A 2 4V3A 



A A 



2 _ 3 
4 



A 



Xk r 



0. 



(26) 



This way for a given A(t) corresponds a normalized solution for the /c r -modes by solving ([2"6"|) . Once obtained a 
normalized solution of ([2^]) . we will be able of dealing with the spectrum on super Hubble scales. The amplitude of 



(27) 



the 4D tensor metric fluctuations < h >=< 0|/i J j hi 3 10 > on the IR-sector is given by 



where e = k^ x /k p < 1 is a dimensionless parameter, being k^ x = kn{ti) the wave- number related to the Hubble 
radius at the time £j. This time corresponds at the time when the gravitational modes re-enter to the horizon. In 
addition, k p is the Planckian wave-number. Clearly, in order to obtain an explicit spectrum it is necessary to specify 
first a functional form for A(t). Some illustrative examples will be studied in the next section. 



IV. EXAMPLES 



In order to illustrate the formalism developed in the previous section, along the present section we study a pair of 
interesting examples. The first one contemplating a constant cosmological parameter A = 3Hq, and the second one 
considering a decaying A(t) = 3p 2 /t 2 . 
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A. Case A = 3H% 

The simplest example results of taking the cosmological parameter A to be a constant, and in particular A = 3-ffg. 
In this particular case the equation of motion for the modes Xk r becomes 



Hte-^kl - [ m 2 - - ) U? 



Xk r = 0. 



(28) 



The general solution for this equation is 

Xkr (t) = M H?> [k r e- Hat ] + A 2 [k r e- Hot ] , (29) 
where A\ and Ai are integration constants. After the Bunch-Davies normalization [ItJ the normalized solution reads 



(30) 



with v = (l/2)V4m 2 — 9. This solution is stable for m 2 > 9/4, on scales k 2 > 



Jl 9 \ „2H a t 



e ° > 0. Now considering 



the asymptotic expansion for the Hankel function H.^ [y] ~ (— i/Tr)T(v)[y/2] v in (f30|) . the amplitude of the 4D tensor 
metric fluctuations (j2"T|) on cosmological (super Hubble) scales gives 



/ h 2\ _ 2 2t/ T 2 (is) ( 3 _ 2i y)g t 3-2^ h 3-2u 

\ n )sh- w 3(3-2v) H Q 6 H ' 

where kn{t) ~ e Hot . Hence, the gravitational spectrum V g (k r ) takes the form 



V g (k r ) 



2 2v T 2 {v) 
7T 3 W 



-(3-2v)H Q t-i3-2v 



(31) 



(32) 



k r —ek^ 



We can see from (|3"2"j) that for m ~ 3/V2 > (3/2), the gravitational spectrum V v (k r ) is nearly scale invariant and 
consequently the tensor spectral index becomes tit = 3 — 2v ~ in this case. 



B. Case A = 3p 2 /t 2 



Another interesting case appears considering a decaying cosmological parameter A = 3p 2 /t 2 , with the restriction 
A < 0. In this case the equation of motion for the modes Xk r (f) results to be 



Xkr + \k 2 r p 2 tirt- 2 ^ 



2 9 \ 2 9 1 



m - - p 



t~ 2 > Xk T = 0, 



(33) 



where M 2 (t) = \(m 2 — |) p 2 — jp + i] t 2 can be interpreted as an effective squared term of mass. The permitted 
values for m should be 



9 ,9/9 
-<m 2 <- - + l 



4 V 4 



for which 



9 - VTT7 - 16m 2 9 + VH7- 16m 2 

< P < 



2(4m 2 - 9) ~ 2(4m 2 - 9) 

The general solution of (|3"3")) can be expressed in terms of Bessel functions as 



(34) 



(35) 



Xk r {t) = B 1 



y(t) 



-ti/(2p) 



r 1 -^ 2 r(i + ^jjMt)} + B2 



y(t) 



M/(2p) 



t^' 2 v{l-^J^W% (36) 



where p = \/ '4p 2 m 2 — 9p(p + 1) + 2 and y(t) = k r (to/t) p . In general this expression is not normalizable. However 
there exist some particular solutions of (|35p that are normalizable. A particular case that yields a normalizable solution 
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results by taking m = ±[l/(2p)]y/9p(p + 1) — 1. In this case the dynamical equation for the quantum gravitational 
modes reduces to 



whose general solution is 



being C\ and C2 integration constants, and w = l/(2p). The Bunch-Davies normalized solution is then 



In this case the amplitude of the 4D tensor metric fluctuations on super-Hubble scales (k r ^> kji) reads 



( h2 ) S H = 



2 2 " T 2 (lo) ft \ (3 ' 2ul)p+1 3 _ 



SH pvr 5 3-2w V t 
Therefore the gravitational spectrum T'g{k r ) is in this case 

2 2aJ 



_3 — 2u) 7 3 — 2oj 



H 



= f-^r 2 H 



, \ (3-2co)p+l 



1.3-2lu 

IV r 



k r —ekf. 



(37) 



(38) 



(39) 



(40) 



(41) 



Clearly, forp ~ 1/3 (that corresponds to m ~ 3\/3/2 > 3/2), the spectrum is nearly scale invariant i.e. rvr = 3 — 2uj 
0. 



V. FINAL COMMENTS 



In this letter we have studied the emergence of gravitational waves in the early universe, which is considered as 
dominated by a decaying cosmological parameter, from a 5D Riemann flat background metric, on which we define 
the 5D vacuum. Our approach is different to others, because we consider gravitational waves as originated by a 
physical field Qij, but not a tensorial linearized fluctuation of the metric. Therefore, it is possible to deal with Qij as 
a quantum traceless tensorial field with null divergence. 

The effective 4D dynamics of GW, — Qij(ip — ipo), can be viewed as induced by the foliation of the fifth 
coordinate. In this letter we have worked two examples: a) In the case with constant cosmological parameter, 
A = Ao, we obtain that the KK mass of the gravitons should be m ~ 3/\/2 to obtain a nearly scale invariant tensorial 
power spectrum of {h 2 ) SH - This value of m corresponds to an effective 4D mass M ~ 3H /2 — \/3A/2. Note that 

this mass can be related to the Einstein mass iue, as it is considered in [HI]: M ~ 2 Gm E • ' 3 ) ^ ne case wnere the 
cosmological parameter decrease with time is the more interesting. In this case the gravitons are normalizable only 
when their effective 4D mass M become null. We obtain that the spectrum of the squared fluctuations of gravitational 
waves are scale invariant for KK masses with values m ~ 3V3/2. 
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